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Abstract
We discuss some results on the triviality and finiteness for Galois cohomology of connected unipo-
tent groups over non-perfect (and especially local and global function) fields, and their relation with the
closedness of orbits, which extend some well known results of Serre, Raynaud and Oesterlé. As one of the
applications, we show that a separable additive polynomial over a global field k of characteristic p > 0 in
two variables is universal over k if and only if it is so over all completions kv of k.
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1. Introduction
It is well known by a result of Rosenlicht [Ro1,Ro2], that if G is a smooth connected unipo-
tent algebraic group defined over a perfect field k then the group structure of G is simple: there
is a normal series of k-subgroups of G, with each factor isomorphic over k to the additive
group Ga (cf. also [Bo]). In particular, its first Galois cohomology, which will be denoted by
H1(k,G) := H1(Gal(ks/k),G(ks)), where Gal(ks/k) denotes the absolute Galois group of k, is
trivial (see e.g. [Se1]). However this is no longer true if k is non-perfect. First Rosenlicht [Ro1,
Ro2], then Raynaud ([SGA 3], Exp. XVII), Serre [Se1], Tits [Ti], Demazure and Gabriel [DG]
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groups over non-perfect fields. They also established some basic properties of unipotent algebraic
groups over non-perfect fields. In [Se1], Chap. III, Serre constructed certain function field k and
unipotent k-group G, such that the first Galois cohomology H1(k,G) of G is non-trivial (cf. also
Raynaud [SGA 3], Exp. XVII). Furthermore, Oesterlé developed in [Oe] a comprehensive arith-
metic theory of unipotent groups over local and global fields and, in particular, showed that the
nature of unipotent groups over non-perfect fields is quite non-trivial. One example given there
showed that this first Galois cohomology group may be even infinite for some locally compact
field of characteristic p > 0 (a completion of a global function field). There are many open
(and difficult) questions regarding the finiteness of the Galois cohomology in particular, and the
arithmetic and geometry of unipotent algebraic groups over non-perfect fields, in general. For
example, there is a close connection with the Néron models theory of unipotent algebraic groups
[Oe,BLR]. In particular it is natural and interesting to study the Galois cohomology of unipotent
groups in this case. We proceed in this paper, by basing on some main results from the theory of
unipotent groups over non-perfect fields of [DG,KMT,Oe,Ro1,Ro2,Ru,SGA 3,Ti], to investigate
certain finiteness properties of Galois (and also flat) cohomology of unipotent groups over non-
perfect fields, generalising the results mentioned above by Serre, Raynaud and Oesterlé, and also
investigate some related local–global principles over global function fields.
In Section 3 we prove our first results on the triviality of Galois (or flat) cohomology in
degree 1 (cf. Theorems 3.3 and 3.7.3). Let k be a global field and let G be a connected smooth
affine group defined over k, for which the localisation map of Galois (or flat) cohomology in
degree 1 is surjective. Then we show that the first Galois cohomology set H1(k,G) is trivial
if and only if it is finite and for a (in fact any) k-embedding of G into a special (in the sense
of Grothendieck and Serre) semisimple simply connected k-group H , with natural action of H
on H/G, the H(k)-orbits in (H/G)(k) are closed in (H/G)(k) in the induced A(S)-topology
of (H/G)(k) for any finite set S of non-equivalent valuations of k, or equivalently, if it is finite
and discrete in the induced A(S)-topology. Here A(S) stands for the ring of truncated S-adèles
of k. If G is, moreover, unipotent, then we show that H1(k,G) is trivial if and only if H1(kv,G)
is trivial for all valuations v of k and H1(k,G) is discrete in the induced A(S)-topology for any
finite set S of non-equivalent valuations of k. We also extend a surjectivity result for semisimple
groups, due to Borel and Harder in the case of number field, to the case of global function fields,
see Theorem 3.8.1.
In Section 4 we are interested mainly in the finiteness of the Galois (or flat) cohomology in
degree 1 of unipotent algebraic group schemes of dimension  1. We first give the first examples
of unipotent groups with finite but non-trivial Galois cohomology. The main result of this sec-
tion (see Theorem 4.8) is valid over any non-perfect field k of characteristic p with a non-trivial
discrete valuation. Let G be a non-trivial (not necessarily smooth) unipotent k-group scheme
of dimension  1, the connected component G◦ of which is not k-isomorphic to an extension
of Ga by an infinitesimal k-group scheme. Assume in addition that if p = 2 then G◦ is neither
k-isomorphic to an extension of Ga , nor of the subgroup defined as the kernel of the homomor-
phism P : G2a → Ga , (x, y) → y2 + x + tx2, where t ∈ k \ k2, by an infinitesimal group scheme.
Then the flat cohomology H1f l(k,G) is infinite. In particular, it is shown that, for any global
field k of positive characteristic and for any non-trivial k-unipotent group scheme G of dimen-
sion  1, such that G◦ is not k-isomorphic to an extension of Ga , by an infinitesimal k-group
scheme, the cohomology group H1f l(k,G) is always infinite.
Finally, in Section 5, we consider some applications and examples and we state also a local–
global principle for additive polynomials (see Theorem 5.3). Let k be a global field, n a positive
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universal (i.e., the value set F(k × · · · × k) = k) if and only if it is so over kv and the image
F(k × · · · × k) is closed in the induced v-adic topology, for some discrete valuation v of k.
Especially, if n = 2, F is universal over k if and only if it is so over kv for all discrete valuations v
of k. Some results of the paper have been announced in [TT1].
2. Some definitions and notations
2.1. We assume that, unless otherwise stated, all algebraic groups under consideration are linear
algebraic groups in the classical sense, i.e., absolutely reduced (or smooth) as in [Bo,Oe]. Recall
that a unipotent group scheme G defined over a field k is called k-wound if any k-morphism
of affine schemes A1 → G is constant. We refer to [BLR], Chap. X, especially [Oe], Chap. V,
[KMT], Chap. III, [Ti], Chap. IV, for detailed discussion of the theory of k-wound groups.
2.2. For a finite field extension K/k and an affine K-variety V , we denote by RK/k(V ) the
restriction of scalars from K to k of V . (In the case of separable extension, it is just Weil’s re-
striction of scalars and in the general case, taking into account also the non-separable extensions,
the definition was given, e.g., in [Gr,DG] or in [Oe], Appendix 3.) Fq(t) (respectively Fq((t)))
always denotes the field of rational functions (respectively the field of Laurent series) in one
variable t over the finite field with q elements Fq . For a field k we denote by ks its separable
closure in an algebraic closure k¯ of k, Γ := Gal(ks/k) denotes the Galois group of ks over k,
and for a linear algebraic k-group G, Hr (k,G) := Hr (Γ,G(ks)) denotes the Galois cohomology
group (or set) of G, and for an affine k-group scheme G, H1f l(k,G) denotes the flat cohomology
group (or set) of G.
3. Triviality of cohomology and closedness of orbits
3.1. Let k be a global field. For a valuation v of k denote by Ov the ring of v-integers of the
completion kv of k, and by A the adèle ring of k. Let S be a non-empty finite set of non-equivalent
valuations of k, A(S) be the ring of adèles of k with trivial components belonging to S. Then we
have for any affine k-variety V ,
V (A) =
∏
v∈S
V (kv)× V
(
A(S)
)
,
and let pr2 :V (A) → V (A(S)) be the projection on the second factor. We endow A(S) with the
induced topology from the ring of adèles A of k. The induced (from A and A(S)) topologies
on V (A) and V (A(S)) are called adèle and A(S)-topology, respectively. In general, the A(S)-
topology and the v-adic topology are quite different. Let G be an affine k-group scheme.
3.1.1. We say that G has property (∗) in degree r if the following holds
(∗) For any finite set S of non-equivalent valuations of k, the localisation map Hrf l(k,G) →∏
v∈S Hrf l(kv,G) is surjective,
where Hrf l denotes the flat cohomology group (or set) in degree r , whenever it makes sense
(see [Mi1,Mi2,SGA 4,Sh1,Sh2]). We will see later on that many important affine group schemes
enjoy this property.
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Exp. I and Exp. 5, and [Me]) special if for any field extension L/k, we have H1(L,H) = 0. One
can show (cf. e.g. [Me], where such fact was indicated) that such groups H always satisfy an
additional property that be k-rational.
3.1.3. For an embedding G ↪→ H of G into an affine k-group scheme H , we say that (by consid-
ering G as a closed k-subgroup of H )
(a) the homogeneous space H/G is a classifying variety for G, if H is special (cf. e.g. [Me]),
and that
(b) the homogeneous space H/G satisfies the condition (∗∗) if the following holds:
(∗∗) The H(k)-orbits in (H/G)(k) are closed in the topology induced from A(S)-topology on
(H/G)(A(S)) for any finite set S of (non-equivalent) valuations of k.
One may say that the H(k)-orbits on (H/G)(k) are locally closed in the adèle topology if (∗∗)
holds.
3.2. With notation as above, we will mostly consider the following situation. Let G be a closed
(not necessarily smooth) k-subgroup of a special k-group H , and let B be a k-algebra, such that
we have H1f l(k,H(B⊗k k¯)) = 0. This happens, for example, when we take B = kv or A, or A(S),
which are the only cases we are interested in. By taking exact sequence of flat cohomologies, we
have an exact sequence of pointed sets (cf. [Gir], Chap. III)
1 → G(k) → H(k) → L(k) → H1f l(k,G) → 0,
1 → G(B) → H(B) → L(B) → H1f l
(
k,G(B ⊗k k¯)
)→ 0,
and also the following commutative diagrams with exact rows
G(k)
i
ζ
H(k)
γ
r
L(k)
β
δ H1f l(k,G)
α
0
G(B)
iB
H(B)
rB
L(B)
δB H1f l(k,G(B ⊗ k¯)) 0.
The ring B , where B = kv,A or A(S), is equipped with the usual Hausdorff topology (i.e. v-adic,
or adèle topology); then G(B) (respectively H(B), L(B)) inherits the induced topology and
becomes a topological space. We then equip G(k) (respectively H(k), L(k)) with the topology
induced from that of G(B) (respectively H(B), L(B)). Then all natural maps iB , rB and natural
maps β , γ , ζ are continuous. We may consider the quotient topology on H1f l(k,G(B ⊗k k¯))
with respect to the map δB (respectively the topology on H1f l(k,G)), which is the strongest one
such that δB (respectively weakest one such that α) is continuous. These topologies are called v-
adic topology (respectively A-topology, A(S)-topology) on H1f l(k,G) and H1f l(k,G(B ⊗k k¯)).
One then checks that all the maps in above diagram are continuous. (In general, the induced
A(S)-topology and the v-adic topology on H1f l(k,G) are quite different, as it is clear when one
considers the field k with these two topologies.) To make this definition of topologies coherent,
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of embeddings into special k-groups H . We consider, for simplicity, the case G is smooth, and
we have the following
Proposition 3.2.1. Let G be a smooth affine k-group. With notation as in 3.2 above, the B-
topologies on H1f l(k,G) and H1f l(k,G(B ⊗k k¯)) are not depending on the choice of the embed-
ding into a special k-group H .
Proof. We take two embeddings f :G ↪→ H , f ′ :G ↪→ H ′. The idea of the proof is to use
diagonal embedding ϕ :G ↪→ H × H ′, g → (f (g), f ′(g)) ∈ H × H ′, which is a classical
trick. (We thank the referee for the suggestion to consider this trick, which has also been
used in [Me] to compare the birational type of classifying spaces H/f (G) and H ′/f ′(G).)
Since α does not depend on H , H ′, we need only to show that the induced B-topology on
H1f l(k,G(B ⊗k k¯)) does not depend on the choice of embeddings G ↪→ H , G ↪→ H ′. Denote
the induced B-topology on H1f l(k,G(B ⊗k k¯)) for the embedding defined by G ↪→ H (respec-
tively G ↪→ H × H ′) by τ (respectively τ ′). We show that τ = τ ′. By [Mi1,Sh2], we have
H1f l(k,G(B ⊗k k¯)) 	 H1et (k,G(B ⊗k k¯)), since G is smooth over k, and we may consider the
following exact sequence of pointed Galois cohomology sets (cf. [Se1], Chap. I, Prop. 36)
1 → G(k) → H(k) → L(k) → H1(k,G) → H1(k,H) = 0,
since H has trivial 1-Galois cohomology (see e.g. [Se1], Chap. I). Also, for all v, H1(kv,H) = 0,
and from [Oe], Chap. IV, Sec. 2.4, it follows that H1(Γ,H(A(S) ⊗ ks)) = 0. Since H , G are
smooth algebraic groups over k, they are also smooth as A-group schemes and as A(S)-group
schemes. It follows from [SGA 4] (cf. also [Mi1], Chap. III) that we have canonical isomorphisms
between étale cohomology and Galois cohomology
Hiet
(
A(S),G
)	 Hi(Γ,G(A(S)⊗ ks)),
Hiet
(
A(S),H
)	 Hi(Γ,H (A(S)⊗ ks)),
Hiet (A,G) 	 Hi
(
Γ,G(A ⊗ ks)
)
,
Hiet (A,H) 	 Hi
(
Γ,H(A ⊗ ks)
)
(i = 0,1), and the same holds for H ′ instead of H . We set L′ := (H × H ′)/ϕ(G) and consider
the following commutative diagram
1 G
	
ϕ
H ×H ′
p
r ′
L′
q
1
1 G
f
H
r
L 1
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(H ×H ′)(B)
pB
r ′B
L′(B)
qB
δ′B
H1(Γ,G(B ⊗ ks))
	
0
H(B)
rB
L(B)
δB
H1(Γ,G(B ⊗ ks)) 0.
One can check that q is surjective, and it remains so while restricted to k-rational points and
B-rational points of L′. Since the function field of L′ is a purely transcendental extension of
that of L (see [Me]), q is a separable k-morphism of irreducible quasi-projective varieties. Take
any point x ∈ H × H ′, and set y := r ′(x), z = p(x), t = r(z), and take differentials of above
morphisms at these points, we have drz ◦ dpx = dqy ◦ dr ′x . Since dpx and drz are surjective,
so is dqy . For B = kv , the Implicit Function Theorem applied to qB (see [Se2], Part 2), implies
that qB :L′(kv) → L(kv) is an open mapping. For B = A (or A(S)), the same proof of [Oe], 3.6,
p. 20, shows that qB is an open mapping.
If U ∈ τ , then V := δ′−1B (U) = q−1B (δ−1B (U)) is open in L′(B), since qB , δB are continuous.
Thus U ∈ τ ′.
Conversely, if U ∈ τ ′, then W := δ′−1B (U) = q−1B (δ−1B (U)) is open in L′(B). Since qB is
an open map, qB(W) is open in L(B). But qB(W) = qB(q−1B (δ−1B (U))) = δ−1B (U) since qB is
surjective, thus U ∈ τ . Therefore τ = τ ′, and since this argument also holds for H ′ instead of H ,
it implies the proposition. 
Remark 3.2.2. We thank the referee for pointing out, that the definition of induced B-topology
on H1(Γ,G(B ⊗ ks)) given above, when B = kv , is the same as quotient topology defined by the
map δB , as it was indicated in [Mi2], Chap. III, Sec. 6, Remark 6.6(a). It is also equivalent to the
topology defined by Shatz in [Sh2], by [Mi2], Chap. III, Sec. 6, Remark 6.6(b).
The general result for smooth affine k-groups below says that the triviality of the Galois
cohomology set in degree 1 is closely related to its finiteness and discreteness, or the closedness
of orbits in the above induced topology, which is a condition of topological character.
Theorem 3.3. Let k be a global field and let G be a connected smooth affine group defined
over k. Assume that G has property (∗) for r = 1. Then the first Galois cohomology set H1(k,G)
is trivial if and only if it is finite and for some (in fact any) embedding of G into a special semi-
simple simply connected k-group H then the classifying variety H/G satisfies condition (∗∗),
i.e., H(k)-orbits are locally closed in (H/G)(k) in adèle topology.
Proof. We take a matrix k-linearisation ϕ :G ↪→ GLn such that G ↪→ H satisfying the as-
sumption of the theorem, say H := SLn, where GLn (respectively SLn) denotes the general
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mutative diagrams with exact rows
G(k)
i
H(k)
γ
r
L(k)
β
δ
H1(k,G)
α
0
G(A)
iA
H(A)
rA
L(A)
δA
H1(Γ,G(A ⊗ ks)) 0
and
G(k)
i
H(k)
γS
r
L(k)
βS
δ
H1(k,G)
αS
0
G(A(S))
iS
H(A(S))
rS
L(A(S))
δS
H1(Γ,G(A(S) ⊗ ks)) 0
where the maps δ, δA, δS are surjective.
(“Only if” part.) From the triviality of H1(k,G) it follows that there exists only one H(k)-orbit
in (H/G)(k), thus it is A(S)-closed and the assertion trivially follows.
(“If” part.) Assume that G ↪→ H (say H = SLn for some n). We proceed to prove the follow-
ing lemma.
Lemma 3.4. With the notation and assumption in the theorem, for some finite set of non-
equivalent valuations S0 depending on H , and any finite set S containing S0, the map αS has
trivial kernel as a map of pointed sets.
Proof. Since H is a semisimple simply connected k-group, it is well known (see [Kn], Sec. 2,
[PlR], Chap. VII, Sec. 7.4, [Pr]) that there exists a finite set S0 of non-equivalent valuations
such that with respect to S0, H has strong approximation over k, i.e., for any finite set S con-
taining S0, the image γS(H(k)) is dense in H(A(S)) in the A(S)-topology. Here the sets G(k),
H(k) and L(k) are endowed with the topology induced from G(A(S)), H(A(S)), L(A(S)),
respectively. We may endow H1(k,G) and H1(Γ,G(A(S) ⊗ ks)) with the topology which is in-
duced from A(S)-topology, and which are the B-topologies as in Section 3.2, such that all maps
in the above diagram are continuous.
Let x ∈ Ker(αS) and let y ∈ L(k) such that δ(y) = x. Then δS(βS(y)) = 0, i.e.,
βS(y) ∈ rS
(
H
(
A(S)
))⊂ Cl(βS(r(H(k)))).
Since the adèle topology has a countable basis of topology, there is a sequence hn ∈ H(k) such
that βS(r(hn)) → βS(y) in A(S)-topology. Since βS is just the diagonal embedding L(k) ↪→
L(A(S)), it follows that r(hn) → y in L(k) in the topology induced from A(S)-topology on
L(A(S)). Hence δ(r(hn)) → δ(y) in H1(k,G). Since, by assumption, H(k)-orbits are closed
in L(k) with respect to the A(S)-topology induced on L(k), and they are finite in number, it
follows that all they are open (recall that they are precisely the fibres over elements of H1(k,G)).
Therefore for n sufficiently large, we have δ(r(hn)) = δ(y), so x = 0, thus αS has trivial kernel.
The lemma is proved. 
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large. First we introduce some notations. If char.k = 0, let O be the ring of integers of k, C =
SpecO, and if char.k > 0, let k = F(C), which is the function field of a geometrically integral
smooth curve C over a finite field F. One may find an affine group scheme GC′ of finite type over
an open affine subset C′ ⊂ C, such that G is k-isomorphic to the generic fibre of GC′ . It follows
from [EGA IV] that after shrinking C′ we may assume that all fibres of GC′ are smooth, connected
affine groups. Every G-torsor P over k (i.e. principal homogeneous space of G) comes from
certain GC′ -torsor PC′ for suitable C′ (depending on P ). Since H1(k,G) is finite by assumption,
we may take C′ sufficiently small, so that for such C′, every G-torsor P comes from a GC′ -
torsor PC′ . For every closed point s ∈ C′ let v(s) be the corresponding valuation with the local
ring Ov(s), the maximal ideal mv(s), the completion kv(s) (of k at v(s)) and the finite residue
field κ(v(s)). We have the following commutative diagram
H1et (C′,GC′) H1et (Spec k,GC′ ×C′ Speck)
H1et (SpecOv(s),GC′ ×C′ SpecOv(s))
f
H1et (Speckv(s),GC′ ×C′ Speckv(s))
H1et (Specκ(v(s)),GC′ ×C′ Specκ(v(s)))
and for a GC′ -torsor PC′ we have
PC′ P := PC′ ×C′ Speck
PC′ ×C′ SpecOv(s) Pkv(s) := P ×Speck Speckv(s)
PC′ ×C′ Specκ(v(s))
which shows that Pkv(s) is isomorphic to the generic fibre of PC′ ×C′ SpecOv(s). Now every
closed fibre of GC′ is a smooth and connected algebraic group and defined over a finite field,
hence by Lang’s theorem (see [Bo], or [La]), it has trivial Galois cohomology. Therefore every
closed fibre PC′ ×C′ Specκ(v(s)) of GC′ -torsor PC′ is a trivial torsor. Since GC′ is smooth, from
“Hensel lemma” (see Grothendieck [SGA 3], Exp. XXIV, Prop. 8.1(ii)) it follows that f is an
isomorphism, so PC′ ×C′ SpecOv(s) (hence also Pkv(s) ) is trivial. From [Oe], Chap. IV, Sec. 2.4,
Proposition, it follows that
H1
(
Γ,G
(
A(S)⊗ ks
))	∐H1(kv,G).
v /∈S
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the image of H1(k,G) in H1(Γ,G(A(S) ⊗ ks)) is trivial. From Lemma 3.4 the assertion of the
theorem follows. 
Corollary 3.5. Let k be a global field.
(1) The assertion of Theorem 3.3 still holds if we replace the property of being “closed” ( for
H(k)-orbits) by the property of being “open.”
(2) The notation is as above. If H1(k,G) is finite but not trivial, then for any embedding of G
into special semisimple simply connected groups H , there exists a finite set of non-equivalent
valuations S (respectively S′) and a point x (respectively x′) in (H/G)(k), such that the
H(k)-orbit of x (respectively x′) is not closed (respectively open) in the A(S)-topology (re-
spectively A(S′)-topology). In particular, there are k-groups G such that H1(k,G) are finite
but not discrete in induced A(S)-topology.
Proof. (1) The proof follows from the proof of theorem above. The argument is that, since the
number of orbits is finite, and each of them is open, and they are disjoint, it follows that each of
them is also closed, and we obtain the initial assumption.
(2) Take, for example, G as the connected Q-group defined by G(Q) = SL1(H), where H
denotes the usual (hamiltonian) quaternion algebra. Then one checks that G is almost simple
simply connected and anisotropic over Q of type A1. We have, by Hasse principle for semisimple
simply connected groups (see [PlR], Chap. VI), or by Hasse–Schilling–Maas theorem, or its
refinement theorem by Eichler (see, e.g. [Re], p. 289)
H1(Q,G) 	 Q∗/Nrd(H∗) 	 H1(R,G) 	 R∗/R∗2,
which has 2 elements, and with induced A(∞)-topology, the set H1(Q,G) is not discrete (other-
wise, H1(Q,G) would be trivial), while in the topology induced from R, this set is discrete. 
For a smooth affine algebraic group G defined over a global field k we denote
III(G) := Ker
(
H1(k,G) →
∏
v
H1(kv,G)
)
the Shafarevich–Tate kernel of G, where the product is taken over all (non-equivalent) valuations
of k. (Recall that this is just a set with distinguished element, and it is a group if G is commuta-
tive.) It is known that many important classes of algebraic groups G have finite Shafarevich–Tate
kernel III(G), e.g., if G is connected and either reductive or unipotent (see [BP], Theorem, p. 176,
and [Oe], Chap. IV, Sec. 2, Prop. 2.6, respectively). For such groups we have the following
Corollary 3.6. Let k be a global field and let G be a smooth affine group defined over k with
finite Shafarevich–Tate kernel. If G has property (∗) for r = 1 then H1(k,G) is trivial if and only
if H1(kv,G) is trivial for all valuations v of k and for some (hence any) embedding of G into
a special semisimple simply connected k-group H (say SLn), and with natural action of H on
H/G, the orbits of H(k) in (H/G)(k) are closed in the A(S)-topology of (H/G)(k) for any
non-empty finite set S of non-equivalent valuations of k.
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H1(kv,G) is also trivial, and there is only one orbit, hence it is closed. For the converse, we
have H1(kv,G) = {1} for all v by assumption, so H1(k,G) = III(G), and since III(G) is finite, it
follows that H1(k,G) is finite as well. Hence by Theorem 3.3, H1(k,G) is trivial as required. 
3.7. In this section we consider the Galois cohomology of unipotent groups. We need in the
sequel the following lemma (cf. [T0]).
Lemma 3.7.1.
(a) Assume that in the following commutative diagram of pointed topological spaces,
A
α′
p
B
β ′
q
C
γ ′
1
A′
p′
B ′
q ′
C′ 1
where A, A′ are topological groups and all maps are continuous and all rows are exact. If
Im(β ′) is dense in B ′ then so is Im(γ ′) in C′.
(b) If A, A′, B , B ′, C and C′ are commutative topological groups, Im(α′) is dense in A′ and the
closure of the image of β ′ is open in B ′, then we have the following topological isomorphism
B ′/Cl
(
Im(β ′)
)	 C′/Cl(Im(γ ′)).
Proof. (a) Trivial.
(b) We have an obvious surjective homomorphism q ′ :B ′ → C′/Cl(Im(γ ′)). Next we show
that q ′ induces a surjective homomorphism
q¯: B ′/Cl
(
Im(β ′)
)	 C′/Cl(Im(γ ′)).
For this it suffices to show that
q ′
(
Cl
(
β ′(B)
))⊂ Cl(q ′(β ′(B)))(⊂ Cl(Im(γ ′))).
Let b′ ∈ Cl(β ′(B)), V an arbitrary open neighbourhood of q ′(b′) in C′. We need to show that
V ∩ q ′(β ′(B)) = ∅. Since q ′ is continuous, q ′−1(V ) is open in B ′, which contains b′. Hence
q ′−1(V )∩β ′(B) = ∅. Let y ∈ q ′−1(V )∩β ′(B), so q ′(y) ∈ V ∩q ′(β ′(B)), so V ∩q ′(β ′(B)) = ∅
as required.
Next we show that Ker(q¯) = 0. It is clear that this amounts to proving that
q ′−1
(
Cl
(
γ ′(C)
))= Cl(β ′(B)).
Clearly the set on the left contains the one on the right, since q ′−1(Cl(γ ′(C))) is closed and
containing Im(β ′). Notice that
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(
Cl
(
γ ′(C)
))= q ′−1(Cl(γ ′(β ′(B))))
= q ′−1(Cl(q ′(β ′(B)))),
hence it suffices to show that Cl(q ′(β ′(B))) ⊂ q ′(Cl(β ′(B))). Indeed, assuming that this inclu-
sion holds. Then one has
q ′−1
(
Cl
(
q ′(Imβ ′)
))⊂ q ′−1(q ′(Cl(Imβ ′)))
= p′(A′)Cl(Imβ ′).
Since Imα′ is dense in A′ so we have
p′(A′) = p′(Cl(α′(A)))
⊂ Cl(p′(α′(A)))
= Cl(β ′(p(A)))
⊂ Cl(β ′(B)),
hence we have q ′(Cl(β ′(B))) ⊂ Cl(q ′(β ′(B))) as claimed. Since Cl(β ′(B)) is open in B ′ and q ′
is an open map (as quotient homomorphism), it follows that q ′(Cl(β ′(B))) is an open subgroup
of C′, hence also a closed subgroup. It contains q ′(β ′(B)), hence also Cl(q ′(β ′(B))) as required.
The lemma is therefore proved. 
The following statement strengthens the main result of [TT] in the case of global fields. We
thank the referee for indicating this fact to us.
Proposition 3.7.2.
(a) Let G be a smooth connected unipotent group defined over a global field k. Then for any
non-empty finite set S of non-equivalent valuations of k, the restriction map
ϕS : H1(k,G) → H1
(
Γ,G
(
A(S)⊗ ks
))( θ	∐
v /∈S
H1(kv,G)
)
is surjective.
(b) Let G be a smooth unipotent group defined over a global field k. Then for any non-empty
finite set S of non-equivalent valuations of k, the restriction map
ϕS : H1(k,G) → H1
(
Γ,G
(
A(S)⊗ ks
))
is surjective.
Proof. We may embed G into a smooth k-split unipotent group H , take L := H/G and then
consider the exact sequence of Galois cohomology
1 → H0(k,G) → H0(k,H) → H0(k,L) → H1(k,G) → H1(k,H)
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G(k)
i
H(k)
γS
r
L(k)
βS
δ
H1(k,G)
αS
0
G(A(S))
iS
H(A(S))
rS
L(A(S))
δS
H1(Γ,G(A(S) ⊗ ks)) 0.
(a) That θ is an isomorphism is proved using [Oe], Chap. IV, Sec. 2.4, Proposition. We use
induction on dimension of G to prove the surjectivity of ϕS . First we assume that G is commu-
tative. Then we may choose H also commutative (cf. [Oe], Chap. V, Sec. 4.1). Thus L is also a
k-split commutative unipotent k-group, which is k-isomorphic to a direct product of Ga , i.e., an
affine space, by [Ro2], Theorem 5. Thus L has strong approximation over k with respect to any
finite non-empty set S. The same argument in the proof of [Oe], Chap. I, Sec. 3.6, shows that the
homomorphism rS is open. In particular, the image of H(A(S)) in L(A(S)) is open. It follows
readily that with induced topology, the group H1(Γ,G(A(S) ⊗ ks)) is discrete. We now apply
Lemma 3.7.1, noticing that, since L has strong approximation with respect to S, the image of βS
is dense. Thus the image of αS is also dense in H1(Γ,G(A(S) ⊗ ks)). The latter has discrete
topology as we note above, hence αS is surjective.
Now we assume that G is not commutative and the assertion holds for all connected unipotent
groups of smaller dimension. By [Ti], Chap. IV, Sec. 4.1.3, there exists a maximal central con-
nected k-subgroup K of G, which is killed by p. (This subgroup is called the cckp-kernel of G
in [Ti].) Here dim(K) > 0 if G is not finite. Set P = G/K . We consider the exact sequence
1 → K → G → P → 1,
and the related diagram
H1(k,K)
pS
i
H1(k,G)
ϕS
r
H1(k,P )
βS
0
H1(Γ,K(A(S) ⊗ ks))
iS
H1(Γ,G(A(S) ⊗ ks))
rS
H1(Γ,P (A(S) ⊗ ks)) 0.
Here the maps r, rS are surjective by [Oe], Chap. IV, Sec. 2.2. By assumption, pS and βS are
surjective. Hence, by using twisting the above exact sequence with a cocycle with values in
G(ks) if necessary, one checks that ϕS is also surjective.
(b) If G is connected, then by (a), ϕS is surjective. Assume that G is not connected. First
assume that G is a non-trivial finite étale unipotent group scheme, which, by Raynaud [SGA 3],
Exp. XVII, Théorème 3.5, has a composition series
G = F0 >F1 > · · · >Fn−1 >Fn = {1},
where each successive quotient Fi−1/Fi is a k-form of (Fp)r for some r  1. To prove the asser-
tion for F , we may, by dévissage, reduce to proving the assertion when F is a k-form of (Fp)r .
4300 N.Q. Thaˇn´g, N.D. Tân / Journal of Algebra 319 (2008) 4288–4324Then it is known (see Raynaud in [SGA 3], Exp. XVII, Prop. 1.5, or [Oe], Chap. V, Sec. 4.1),
that we may embed F as a k-subgroup of Ga . Then one has the following exact sequence
1 → F → Ga f−→ Ga → 1,
where f is k-homomorphism. We may use again the same argument used in the proof of part (a),
to show that the localisation map
H1(k,F ) → H1(Γ,F (A(S)⊗ ks))
is surjective. Now we use induction on dimension of G, starting from dim(G) = 0 above. Con-
sider the exact sequence
1 → K → G → P → 1,
where K is the cckp-kernel of G. We notice that K = G, since G is not connected. Now we use
the induction hypothesis, and also twist the above exact sequence by a cocycle with values in
G(ks), if necessary, we can derive the assertion as above. 
Next we prove the following local–global principle for the triviality of Galois cohomology of
smooth unipotent groups over global fields.
Theorem 3.7.3 (Local–global principle for triviality of Galois cohomology of unipotent groups
over global function fields). Let k be a global field of positive characteristic.
(a) Let G be a smooth unipotent group defined over k. Then the following are equivalent.
(1) H1(k,G) = 1.
(2) For all v, we have H1(kv,G) = 1 and H1(k,G) is discrete in the induced A(S)-topology
for any finite set S of non-equivalent valuations of k.
(3) For all v, we have H1(kv,G) = 1 and H1(k,G) is discrete in the induced v-adic topol-
ogy for some v.
(b) Assume that H1(k,G) is discrete in the induced A(S)-topology for any finite set S of non-
equivalent valuations of k. Then H1(k,G) is either trivial or infinite.
Proof. The proof uses some arguments given in the proof of Theorem 3.3.
(a) Recall that, by [TT], smooth unipotent groups over any field have property (∗) in degree 1,
and that k-split unipotent groups have trivial first Galois cohomology and satisfy weak and strong
approximation over k for any non-empty finite set S of non-equivalent valuations of k. Hence we
have (1) ⇒ (2) and (1) ⇒ (3).
(2) ⇒ (1) We have H1(kv,G) = 1 for all v. Then H1(k,G) = III(G), which is finite by a
result of Oesterlé ([Oe], Chap. IV, Sec. 2, Prop. 2.6). Take any embedding G ↪→ H of G into
a k-split unipotent k-group H . Now the assumption of Theorem 3.3 holds, thus the implication
(2) ⇒ (1) follows from Theorem 3.3.
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commutative diagram with exact rows
H(k)
α
π
L(k)
β
δ
H1(k,G)
γ
1
H(kv)
πv
L(kv)
δv
1.
As in 3.2, one can define natural topology on the sets of cohomology H1(kv,G) of G, such that
all the (functorially) induced maps in the long exact sequence of cohomology are continuous,
and we may endow the induced (from v-adic topology) topologies on the sets of cohomology
H1(k,G). Then by construction, all arrows in above diagram are continuous with respect to the
topology induced from v-adic topology. We may identify H(k) with its image (via α) in H(kv).
Since H is k-split, H(k) is dense in H(kv) in the v-adic topology. For any element x ∈ L(k), we
have β(x) = πv(y), y ∈ H(kv). We can take a sequence yn ∈ H(k) such that limn yn = y in the
v-adic topology. Therefore,
β(x) = lim
n
πv(yn)
= lim
n
(
β
(
π(yn)
))
.
Since β is just the embedding, and all maps in the diagram are continuous, it follows clearly that
π(yn) → x, i.e., π(H(k)) is dense in v-adic topology in L(k). Therefore 1 = δ(π(yn)) → δ(x) ∈
H1(k,G). The latter set is finite, and discrete by assumption, hence every element is closed and
open, and it follows that δ(x) = 1, i.e., H1(k,G) = 1.
(b) follows from Theorem 3.3, since G always satisfies the condition (∗). Indeed, if H1(k,G)
is finite, and discrete in induced A(S)-topology for any finite set S, then it is trivial by Theo-
rem 3.3. 
3.8. Now we consider semisimple algebraic groups over global fields. We want to show that
semisimple groups over global fields always have property (∗), by extending a result of Borel
and Harder ([BH], Theorem 1.7) to the case of function field.
Theorem 3.8.1. Assume that G is semisimple group defined over a global field k. Then G has
property (∗) in degree 1, i.e., for any finite set S of non-equivalent valuations of k, the localisation
map
H1(k,G) →
∏
v∈S
H1(kv,G)
is surjective.
First proof. Consider the universal k-covering of G, i.e., a semisimple simply connected
k-group H together with the following exact sequence
1 → F → H → G → 1,
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mutative diagram, where each row is an exact sequence of flat cohomology (see [Gir], Chaps. III
and IV)
H1f l(k,F ) H
1
f l(k,H)
α
π H1f l(k,G)
β
Δ H2f l(k,F )
γ
∏
v∈S H1f l(kv,F )
∏
v∈S H1f l(kv,H)
πS ∏
v∈S H1f l(kv,G)
ΔS ∏
v∈S H2f l(kv,F ).
First we assume that k is a number field. Then Borel and Harder have proved ([BH], Theo-
rem 1.7), that G has property (∗). We give here a modification of their proof. We take any
sufficiently large finite set S of (non-equivalent) valuations of k such that S contains the set of
all archimedean valuations ∞ of k. Then the well known Hasse principle for simply connected
groups (see [PlR], Chap. VI, for the case of number fields, and [Ha], for the case of function
field) tells us that α is bijective, and a result of [BH], Proposition 1.6, says that γ is surjective.
Also, classical results due to Kneser [Kn] (for the case of number fields), say that Δ and ΔS are
surjective. Thus by chasing on the above diagram we see that for any given gS ∈∏v∈S H1(kv,G)
there is an element g ∈ H1(k,G) such that
ΔS(gS) = ΔS
(
β(g)
)
.
By twisting the exact sequence
1 → F → H → G → 1
with a cocycle (xs) representing the class g we get another exact sequence
1 → F → xH → xG → 1.
By considering the commutative diagram with rows being exact sequences of Galois coho-
mology deduced from this exact sequence as above, we are reduced to the case g = 0 (the
distinguished element in H1(k,G)). Then ΔS(gS) = 0, i.e., gS = πS(hS) for some element
hS ∈∏v∈S H1(kv,H), hence, by using the surjectivity of α, we deduce that gS ∈ Im(β) as re-
quired.
Now let k be a global function field of characteristic p > 0. We consider the same diagram as
above. By using the fact that H1 of simply connected groups is trivial (Harder’s theorem [Ha])
and that
H1f l(k,G) → H2f l(k,F )
is a bijection (see [Do,T]) (it is an extension of Kneser result mentioned above to the case of
function fields), it is clear that the condition (∗) in degree 2 for F is equivalent to the condition (∗)
for G in degree 1. Thus we are reduced to proving (∗) for F in degree 2. We know that F is
a direct product A × B , where A (respectively B) is a finite commutative k-group scheme of
order pn (respectively prime to p).
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use the extension of Poitou–Tate duality theorem to global function fields case due to Frey [Fr].
For A, we use induction on the order of C := A′, the Cartier dual of A, which is an étale finite
commutative k-group scheme. (In fact, we use induction on the order of C(k¯).) If n = 1, A 	 μp
since A is of multiplicative type. Then the assertion follows from [BH], Sec. 3.2 (using global
class field theory). Assume that the surjectivity has been proved for A with the order of C ⊗ L
less than pn, for any finite extension L/k. We consider two cases.
(a) C(k) = {1}. We have the following exact sequence
1 → C(k) → C → C/C(k) → 1.
It corresponds to the exact sequence
1 → (C/C(k))′ → A → (C(k))′ → 1
and we derive the following commutative diagram with exact rows
H2f l(k, (C/C(k))
′)
γ
H2f l(k,A)
α
H2f l(k, (C(k))
′)
β
0
∏
v∈S H2f l(kv, (C/C(k))′)
∏
v∈S H1f l(kv,A)
∏
v∈S H2f l(kv, (C(k))′) 0.
Since C(k) and C/C(k) are finite étale group schemes of orders less than that of C, γ and β are
surjective by induction hypothesis, so is α by diagram chase.
(b) C(k) = 1. In this case, it was shown in [Fr], that the map
H2f l(k,A) →
∏
v
H2f l(kv,A)
is in fact an isomorphism. In particular, the map α is a fortiori surjective. 
Second proof. (Based on ideas indicated by the referee. We thank the referee for the suggestion
of this proof.) In the case of global function field k, the surjectivity of the localisation map for
semisimple groups G can be deduced shortly from the isomorphism (with notations as in the first
proof of Theorem 3.8.1)
H1(k,G) 	 H2f l(k,F ), H1(kv,G) 	 H2f l(kv,F )
(see [T]) as follows. It is enough to check the property (∗) for F in degree 2, i.e., for any finite
set S of non-equivalent valuations of k, the localisation map
ϕS : H2f l(k,F ) →
∏
v∈S
H2f l(kv,F )
is surjective. Given any finite separable extension k′/k, we note that in the flat case, as a
consequence of the trace theory of Deligne–Grothendieck ([SGA 4], Exp. XVII), there exist
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k′/k : H
i
f l(k
′,L) → Hif l(k,L), for any i  0, for any com-
mutative k-group scheme L (see [Gi1], Sec. 0.4 for details). Since the cohomological dimension
of k (respectively kv) is 2 (cf. [Mi2], Chap. III), it follows easily that we have surjective homo-
morphisms
Cores2k′/k : H
2
f l(k
′,F ) → H2f l(k,F ),
Cores2k′v/kv : H
2
f l(k
′ ⊗ kv,F ) → H2f l(kv,F ).
Thus to prove the surjectivity of ϕS , it suffices to prove the same thing over k′. We may then
take k′ such that F ×k k′ is k′-split, i.e., the direct product of k′-group schemes μn’s (the group
of multiplicative type of nth roots of unity). Therefore we are reduced to the case F = μn, which
is one that was treated in [BH], Sec. 3.2. In this case, H2f l(k,μn) 	 nBr(k) the subgroup of
n-torsion of Br(k), and the assertion follows from well known basic exact sequence from global
class field theory 0 → Br(k) →⊕v Br(kv) → Q/Z → 0, see e.g. [GiS], Sec. 6.5 (with modern
geometric treatment), [We], Chap. XIII. 
Remarks 3.9. (1) For a connected smooth group G defined over an arbitrary global field k, it
is a non-trivial task to decide if H1(k,G) is finite or not, since the unipotent radical of G may
not be defined over k, if char.k > 0. However, despite of this fact, it is interesting to note, that
according to recent results by Gille and Moret-Bailly ([GiMB], Lemme 4.1, Prop. 5.1), if G is an
affine group scheme of finite type over Spec(A), where A is the ring of integers of a local field k
of characteristic 0 or the ring of S-integers of a number field k, with S a finite set of primes
of k, then the flat cohomology H1f l(Spec(A),G) is finite. (It seems that their results also hold for
function field case.)
(2) The finiteness of H1(k,G) for semisimple k-groups G over global fields k can be de-
cided via checking the finiteness of H2f l(k,F ), where F := Ker(π : G˜ → G) is the funda-
mental group for G, G˜ is the simply connected k-covering of G, due to the Hasse principle
for simply connected semisimple groups and due to the surjectivity of the coboundary map
Δ : H1f l(k,G) → H2f l(k,F ). The surjectivity of localisation map discussed above shows one
need only consider the local case, i.e., the finiteness of H2f l(kv,F ), and also the finiteness of the
Shafarevich–Tate group
III2(F ) := Ker
(
H2f l(k,F ) →
∏
v
H2f l(kv,F )
)
.
The finiteness of Galois cohomology of connected reductive k-groups is reduced further to that of
semisimple groups and of tori. Thus one sees that over local or global fields, basically, the finite-
ness of Galois cohomology of connected reductive groups (or any connected smooth k-group,
if char.k = 0) can be decided effectively via reducing to finite commutative algebraic groups of
multiplicative type. In the next section we are interested in the same question for a class of alge-
braic groups, for which it is non-trivial to have an effective procedure to decide the finiteness of
the cohomology, namely the class of unipotent groups.
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In this section, after providing first examples of unipotent groups with finite but non-trivial
Galois cohomology, we prove some criteria for the finiteness of Galois cohomology of unipotent
groups over non-perfect fields. A special attention is devoted to the case of local and global
function fields. The following simple well known lemma (see e.g. [We], Chap. VIII, Lemma 1)
will be frequently used.
Lemma 4.1. Let k be a global (local) function field of characteristic p > 0. Then [k : kp] = p.
Next we examine a class of unipotent groups of special type over non-perfect fields of char-
acteristic p > 0, namely the groups defined by the following equation
x
p
0 + txp1 + · · · + tp−1xpp−1 − xp−1 = 0.
This class of groups was first considered by Rosenlicht in [Ro1,Ro2], and then in [KMT,Oe,Ti],
where they served as simple but important examples, which will be needed in the sequel. In
fact, these groups have finite but non-trivial Galois cohomology groups over local fields. First
we consider the case of characteristic 2. The proof of Proposition 4.2 and that of parts (a), (b)
of Proposition 4.3 below can be shortened by using [Oe], Chap. VI, Sec. 5, but we need the one
given here in order to treat the case (c) of Proposition 4.3. If p = 2 (respectively p = 3) then
Proposition 4.2 (respectively Proposition 4.3) give examples of a global field k and commutative
unipotent k-groups G of dimension 1 (respectively 2) where H1(kv,G) is finite, but non-trivial.
Proposition 4.2.
(a) Let kv be Fq((t)), q = 2n, G the Fp(t)-subgroup of G2a defined by the equation y2 = x + tx2.
Then |H1(kv,G)| = 2.
(b) Let k be a global function field of characteristic 2, t an element of k−k2. Let G be the closed
subgroup of G2a defined as above, v a non-trivial valuation of k, kv the completion of k with
respect to v. Then |H1(kv,G)| = 2, and H1(k,G) is infinite.
Proof. Let P(x, y) = y2 + x + tx2, and consider P as a homomorphism from G2a to Ga . We
have an exact sequence of unipotent k-groups
1 → G → G2a P−→ Ga → 1.
From this we have H1(kv,G) 	 kv/P (kv × kv) since H1(kv,Ga) = 0.
(a) First, we show that
(1) ct−i ∈ P(kv × kv), for all c ∈ Fq , i  2,
by induction on i. In fact, if c = α2, where α ∈ Fq , then ct−2i = P(0, αt−i ). Since any element
of Fq is a square, it follows that the statement holds for all even numbers i. Assume that (1) holds
for all numbers j with 2 j  i. If i is odd, then i + 1 is even and from above we know that (1)
holds for i + 1, so we are done. If i is even  2, i = 2j , then 2  j < i − 1 and by induction
assumption, there are a, b ∈ kv such that αt−j−1 = P(a, b) where c = α2, with α ∈ Fq , and
a, b ∈ k. Then we have ct−2j−1 = P(a + αt−j−1, b). Hence (1) also holds for i + 1 = 2j + 1.
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(2) Fqt ⊂ P(kv × kv), i.e. ∑i0 ci t i ∈ P(kv × kv), ∀ci ∈ Fq .
In fact, if we can find y ∈ Fqt such that
(3) y2 + dy/dt =∑i0 c2i+1t2i ,
where (d/dt) denotes the differentiation with respect to t , then
s = ty2 + y +
∑
i0
ci t
i = x2,
for some x ∈ Fqt, since ds/dt = 0. Now, by writing y =∑i0 yit i and by substituting it into
the left-hand side of Eq. (3), we have
y2 + dy/dt =
∑
i0
y2i t
2i +
∑
i0
y2i+1t2i
=
∑
i0
(
y2i + y2i+1
)
t2i .
By comparing those coefficients with the same power of t in (3) we derive
y2i + y2i+1 = c2i+1, ∀i  0
and by setting y2i = 1, y2i+1 = c2i+1 + y2i , we get a solution for (3).
Finally, we claim that
(4) for any α ∈ Fq , then αt−1 ∈ P(kv × kv) if and only if α = u2 + u, for some u ∈ Fq .
In fact, if αt−1 = b2 + a + ta2, for some a, b ∈ k, then by differentiating (with respect to t)
both sides, we get αt−2 = da/dt + a2. It suffices to consider the case when α = 0. In this case,
a = 0, and we can write a = t lu, where l ∈ Z, u ∈ k, vt (u) = 0, and vt denotes the valuation
corresponding to t . Then
(5) αt−2 = lt l−1u+ t l du/dt + t2lu2.
We have
vt
(
lt l−1u+ t l du/dt + t2lu2) 0
if l  0, and
vt
(
lt l−1u+ t l du/dt + t2lu2)= 2l −4
if l  −2. Therefore, by comparing both sides of (5), we see that l equals −1, and by writing
u = u0 + tu1, u0 ∈ Fq , u1 ∈ Fqt, we get α = u20 + u0. Evidently, if α = u2 + u, for some
u ∈ Fq , then αt−1 = P(ut−1,0).
From (1), (2), (4) and by observing that the map u → u2 +u is a homomorphism from (Fq,+)
to (Fq,+) with kernel F2, we conclude that |H1(kv,G)| = 2 and the assertion is proved.
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k(v)((π)), where k(v) is the residue field of k with respect to v, so k(v) = Fq , with q = 2n. By
Lemma 4.1, we can write t = a2 + πb2, a, b ∈ kv . It is easy to check that b = 0. By making the
change of variables y′ = b(y + ax), x′ = b2x, one checks that G is isomorphic to the subgroup
G′ = {y′ 2 = x′ + πx′ 2}.
Therefore from part (a) it follows that |H1(kv,G)| = |H1(k(v)((π)),G′)| = 2. We know that the
localisation map
H1(k,G) →
∏
v∈F
H1(kv,G)
is surjective for any finite set F of non-equivalent discrete valuations [TT]. Since there are infi-
nitely many v, we conclude that H1(k,G) is infinite. 
For the case p > 2, we have the following result. The idea of the proof is similar to the above
one, but the computation is more complicated, so we give a sketch of the proof.
Proposition 4.3.
(a) Let k = Fq(t), v the valuation corresponding to t and let kv = Fq((t)), q = pn, p > 2. Let G
be the Fp(t)-subgroup of Gpa defined by the equation xp0 + txp1 + · · · + tp−1xpp−1 = xp−1.
Then |H1(kv,G)| = p.
(b) Let k be a global function field of characteristic p > 2, t an element in k − kp . Let G be the
subgroup of Gpa defined as above. Then for infinitely many non-equivalent valuations v of k,
H1(kv,G) = {1} and H1(k,G) is infinite.
(c) Let kv = Fq((t)), q = pn,p > 2. Let G be the Fp(t)-subgroup of Gpa defined by the equation
x
p
0 + txp1 + · · · + tp−1xpp−1 + xp−1 = 0. Then |H1(kv,G)| = 1 (respectively p) if n is odd
(respectively even).
Proof (sketch). (a) We first show that for
P(x0, . . . , xp−1) = xp0 + txp1 + · · · + tp−1xpp−1 − xp−1
then
(1) ct−i ∈ P(kv × · · · × kv), for all c ∈ Fq , i  2,
by induction on i.
Next, we prove that
(2) Fqt ⊂ P(Fqt × · · · × Fqt), i.e., for all ci ∈ Fq we have
c(t) :=
∑
i0
ci t
i ∈ P (Fqt × · · · × Fqt).
Finally, we claim that
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The method of proof of (1)–(3) is quite similar to the one in the proof of Proposition 4.2.
From (1), (2), (3) we have |H1(kv,G)| = |kerϕ|, where ϕ is the homomorphism: (Fq,+) →
(Fq,+), u → up − u. It is clear that |kerϕ| = |Fp| = p. Hence |H1(kv,G)| = p.
(b) By Lemma 4.1, we have [k1/p : k] = p. By [Oe], Chap. VI, Sec. 5, G is isomorphic to the
quotient of the Weil restriction
∏
k1/p/k Gm by Gm, and from [Oe], Chap. VI, Sec. 5.4, Proposi-
tion 2, it follows that G has Tamagawa number τG = p. Then, by using the Hasse principle for
the Brauer group of global fields (see, e.g. [GiS], Sec. 6.5, [We], Chap. XIII) one checks that
III(G) = 1.
Now, assume that H1(k,G) is finite. Then H1(kv,G) is trivial for almost all v, since
H1(k,G) →
∏
v∈F
H1(kv,G)
is surjective for any finite set F of non-equivalent discrete valuations [TT]. Let
γ : H1(k,G) →
∏
v
H1(kv,G)
be the localisation map and let S be the finite set of v such that H1(kv,G) = 0. The map
H1(k,G) →∏v H1(kv,G) is thus surjective, so by [Oe], Chap. IV, Corollaire 3.4, we have the
following formula for the Tamagawa number τG of G:
τG = |Cokerγ ||III(G)| =
1
1
= 1.
This is contradicting to the fact that τG = p. Therefore H1(k,G) is infinite.
(c) Using the same argument as in part (a), we get |H1(kv,G)| = |kerϕ|, where ϕ is the
homomorphism: (Fq,+) → (Fq,+), u → up + u. Note that kerϕ is a normal subgroup of Fq
and has at most p elements, then |kerϕ| = 1 or p. If |kerϕ| = p then the polynomial Xp−1 + 1
can be split into linear factors over Fq [X] and Fq contains a (p − 1)th-root of −1. Conversely,
if Fq contains a (p − 1)th-root α of −1 then α,2α, . . . , (p − 1)α are all roots of Xp−1 + 1
and |kerϕ| = p. It is clear that Fq contains a (p − 1)th-root of −1 if and only if Fq contains
a primitive 2(p − 1)th-root of unity, ζ2(p−1). Since Fpn is the splitting field of Xpn − X = 0
over Fp , Fpn contains ζ2(p−1) if and only if ζp
n−1
2(p−1) = 1, i.e., 2(p − 1) divides pn − 1, that is, if
and only if n is even. 
4.4. Now we give a sufficient condition for the Galois cohomology groups of unipotent com-
mutative groups over non-perfect field to be infinite. Then, using this, we prove that, up to
isomorphisms, the only connected smooth unipotent group of dimension 1 with finite Galois
cohomology group over global fields is Ga . Before stating and proving this condition, we need
the following lemma. Recall that if P is a p-polynomial in r variables T1, . . . , Tr , with
P =
∑ ∑
cij T
pj
i , where cimi = 0, ∀i,
1ir 0jmi
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Pprinc =
∑
1ir
cimi T
pmi
i .
Lemma 4.4.1. Let k be a non-perfect field of characteristic p, v a non-trivial discrete val-
uation of k. Let P be a separable p-polynomial in r variables with coefficients in k. Let
Pprinc =∑ri=1 ciT pmii be the principal part of P . Assume that for all (a1, . . . , ar ) ∈ k×· · ·×k (r-
times), v(ci)+pmi v(ai) are all distinct whenever they are finite. Then there exists a constant C0
depending only on P, such that if a = P(a1, . . . , ar ) and v(a) C0 then v(a) = v(ci)+pmi v(ai),
for some i.
Proof. We process by induction on r . By assumption, P is a non-zero p-polynomial. First let
r = 1, P(T ) = b0T + · · · + bm−1T pm−1 + bmT pm . We set
A = inf
i,j
{
v(bi)− v(bj )
pj − pi
∣∣∣ 0 i, j m, i = j
}
,
B = inf{Api + v(bi) ∣∣ 0 i m}− 1,
and pick any C0 with C0 < B . Now assume that a = P(a1) such that v(a) = v(P (a1))  C0
(a1 ∈ k). Let i0 be such that
v
(
bi0a
pi0
1
)= inf{v(biapi1 ) ∣∣ 0 i m}.
Then we have C0  v(a) = v(P (a1)) v(bi0ap
i0
1 ) = v(bi0)+ pi0v(a1). Hence
(
C0 − v(bi0)
)
/pi0  v(a1).
By the choice of C0,B , and A we have
v(a1) <
(
B − v(bi0)
)
/pi0 <
(
Api0 + v(bi0)− v(ci0)
)
/pi0 = A.
Hence by the definition of A
v(a1) <
v(bi)− v(bm)
pm − pi , ∀i < m,
or, equivalently,
v
(
bia
pi
1
)= v(bi)+ piv(a1) > v(bm)+ pmv(a1) = v(bmapm1 ), ∀i < m.
Therefore v(a) = v(bm)+ pmv(a1) as required. (In our case, bm = c1.)
Now we assume r > 1 and that the assertion of the lemma holds true for all integers less
than r . By induction hypothesis, for any l with 1 l < r , there exist constants Bl satisfying the
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λT
p
mj−s
j , λ ∈ k∗, 1 j  r , s  1, and for such a monomial, we set
aλ,s,j = v(λ)− v(cj )
pmj − pmj−s ,
and set
C3 =
[
inf
λ,j,s,i
{(
v(λ)+ pmj−saλ,j,s − v(ci)
)
p−mi
}]− 1.
Let
C2 =
[
inf
1i,jr
{(
v(ci)+ pmiC3 − v(cj )
)
p−mj
}]
,
C1 = inf
i,j
{
v(cij )+ pmij C2
}
,
C0 = inf{C1,B1, . . . ,Br−1}.
Assume that a = P(a1, . . . , ar ), ai ∈ k and v(a)  C0. If there exists i such that ai = 0 then
|{i | ai = 0}| < r and instead of P we may consider the polynomial
P˜ = P(T1, . . . , Ti−1,0, Ti+1, . . . , Tr )
in r − 1 variables and use the induction hypothesis. So, we assume that ai = 0 for all i. Let
i0 = inf
1ir
{
i
∣∣ v(ai) v(aj ), for all j, 1 j  r}.
Then
v(a) = v(P(a1, . . . , ar )) inf{v(cij apmiji )} inf{v(cij )+ pmij v(ai0)}.
By assumptions v(a)  C0  C1, so we have v(ai0)  C2 by definition of C1. Since v(ci) +
pmi v(ai) are pairwise distinct, there exists unique i1 such that
v(ci1)+ pmi1 v(ai1) = inf1jr
{
v(cj )+ pmj v(aj )
}
.
Since
v(ci1)+ pmi1 v(ai1) v(ci0)+ pmi0 v(ai0) v(ci0)+ pmi0 C2,
we have v(ai1) C3, since otherwise, we would have
v(ci1)+ pmi1 v(ai1) > v(ci1)+ pmi1 C3  v(ci0)+ pmi0 C2,
which contradicts the above inequalities. Now, we show that
v
(
P(a1, . . . , ar )
)= v(ci )+ pmi1 v(ai ).1 1
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(i) For any monomial λT p
mj−s
j of P(T1, . . . , Tr )−Pprinc(T1, . . . , Tr ), appearing in P(T1, . . . ,
Tr ), λ ∈ k, 1 j  r , s  1, if v(aj ) < aλ,j,s then by the definition of aλ,s,j and i1, we have
v
(
λa
p
mj−s
j
)= v(λ)+ pmj−sv(aj ) > v(cj )+ pmj v(aj ) v(ci1)+ pmi1 v(ai1).
Also, if v(aj ) aλ,j,s then again by the definition of aλ,s,j and C3, we have
v
(
λa
p
mj−s
j
)
 v(λ)+ pmj−saλ,j,s > v(ci1)+ pmi1 C3  v(ci1)+ pmi1 v(ai1),
since v(ai1) C3. Thus, we have for all j
v
(
λa
p
mj−s
j
)
 v(ci1)+ pmi1 v(ai1).
Hence
v
(
P(a1, . . . , ar )− Pprinc(a1, . . . , ar )
)
 v(ci1)+ pmi1 v(ai1).
(ii) For j = i1, by the uniqueness of i1, we have
v
(
cj a
p
mj
j
)
> v(ci1)+ pmi1 v(ai1),
so
v
(
Pprinc(a1, . . . , ar )
)= v
(
ci1a
p
mi1
i1
+
∑
j =i1
cja
p
mj
j
)
> v
(
ci1a
p
mi1
i1
)
.
Now from above it follows that
v(a) = v(P(a1, . . . , ar ))
= v(Pprinc(a1, . . . , ar )+ (P(a1, . . . , ar )− Pprinc(a1, . . . , ar )))
= v
((
ci1a
p
mi1
i1
+
∑
j =i1
cj a
p
mj
j
)
+ (P(a1, . . . , ar )− Pprinc(a1, . . . , ar ))
)
= v(ci1ap
mi1
i1
)= v(ci1)+ pmi1 v(ai1).
The proof of the Lemma 4.4.1 is completed. 
Proposition 4.5. Let k be a non-perfect field of characteristic p, v a non-trivial discrete val-
uation of k. Let G be a commutative unipotent group defined by a separable p-polynomial P
in r variables, with Pprinc =∑ri=1 ciT pmii , ci ∈ k∗. Let m = min{m1, . . . ,mr} and assume that
v(c1), . . . , v(cr ) are all distinct modulo pm and r < pm. Then H1(k,G) is infinite.
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· · · × k∗ (r-times), the values v(ci)+ pmi v(ai), 1 i  r , are always pairwise distinct. Then all
assumptions in the above Lemma 4.4.1 are satisfied, so there exists C0 as in the lemma. Since
r < pm then there exists l in {0, . . . , pm − 1} such that v(ci) ≡ l (mod pm), for all i ∈ {1, . . . , r}.
We claim that for all a with v(a) C0, and v(a) ≡ l (mod pm), then a is not in P(k × · · · × k)
(the product of r-copy of k). For, assume the contrary that a = P(a1, . . . , ar ), ai ∈ k. By the
lemma above, there is i such that v(a) = v(ci) + pmi v(ai). But this is contradicting to the fact
that v(ci) ≡ l (mod p), hence the claim follows. We can choose a sequence {bn}n, bn ∈ k for all
n 1, such that C0 > v(b1) > v(b2) > · · · > v(bn) ≡ l (mod pm), for all n. Then v(bn−bn+m) =
v(bn+m) ≡ l (mod pm), for all m,n  1. Therefore by the claim above, for all m,n  1 then
bn − bn+m /∈ P(k × · · · × k), so all bn have distinct images in k/P (k × · · · × k). Therefore
H1(k,G) is infinite as required. 
Remarks 4.6. Obvious examples (cf. 4.2, 4.3) show that one cannot relax the condition “r < pm”
to “r  pm,” or relax the condition that the values v(ci) are all distinct (mod pm). As application
of the above result, we show that the flat cohomology in degree 1 of one-dimensional non-split
unipotent group over non-perfect fields is infinite in general. First we consider the flat cohomol-
ogy of degree 1 of elementary finite unipotent group schemes. In the simplest case of Z/pZ, the
finiteness result dated back, e.g., to Shatz [Sh1].
Proposition 4.7. Let k be a non-perfect field of characteristic p > 0 with a non-trivial discrete
valuation.
(a) Denote by αn the affine k-group scheme corresponding to k[T ]/(T n). For any r  1, let G
be a k-form of αpr or (Fp)r . Then H1f l(k,G) is infinite.
(b) Let G be a non-trivial unipotent k-group scheme of dimension 0. Then H1f l(k,G) is infinite.
(c) If G is non-connected unipotent group scheme over k, then H1f l(k,G) is infinite.
Proof. (a) In our situation, there exists a descending central series for G
G = G0 >G1 > · · · >Gn−1 >Gn = {0}
with successive quotients Gi/Gi+1 isomorphic to a k-form of (αp)r or (Fp)r (see [DG], or
Raynaud [SGA 3], Exp. XVII, Théorème 3.5). By making use of the fact that all groups Gi
involved are commutative and H2f l(k,Gi) = 0 (see e.g. [DG], Chap. III, §5, Corol. 5.8, and
[Se1], Chap. II, §2), it is clear that it suffices to prove the proposition in the case r = 1. We fix
once for all a non-trivial discrete valuation v of k. It is well known (see e.g. [DG], Chap. III,
Raynaud [SGA 3], Exp. XVII), that αp has no non-trivial k-forms and H1f l(k,αp) 	 k+/k+p .
For any element a in k∗ with v(a) ≡ 0 (mod p), it is clear that a is not in kp . We may construct
an infinite sequence {ai}, ai ∈ k, such that v(a1) < v(a2) < · · · < v(an) and v(an) ≡ 0 (mod p)
for all n. Then obviously ai (mod kp) are pairwise distinct, hence the abelian group k+/k+p (i.e.
H1f l(k,αp)) is infinite.
Now let G be a k-form of (Fp)r . Then we know that G can be embedded as a closed k-
subgroup of exponent p into Ga . The exact sequence
0 → G → Ga f−→ Ga → 0
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f (T ) ∈ k[T ]. Since G has pr elements, we have deg(f ) pr . Hence f (T ) = b0T +· · ·+bsT ps ,
bs = 0, s  r . Up to a k-isomorphism, we may scale off bs , so we may assume that bs = 1. Then
H1(k,G) 	 k/f (k), where f (x) = b0x + · · · + bs−1xps−1 + xps . Now, consider the constant
C0 depending only on the p-polynomial f (T ) (with the only leading coefficient c = 1) as in
Lemma 4.4. For z in k such that v(z) < C0 and v(z) ≡ 0 (mod p), we see, according to this
lemma, that z is not in f (k). Again as above we may choose an infinite sequence {ai} of elements
from k such that ai /∈ f (k), C0 > v(a1) > v(a2) > · · · > v(ai) > · · · for all i, and from this we
conclude that H1(k,G) is infinite.
(b) The proof is again by “dévissage.” First we assume that G is commutative. First we
show that H2f l(k,H) = 0 for any commutative unipotent k-group scheme H . Indeed, by [DG],
Chap. III, §5, Corol. 5.8, H2f l(k,αp) = 0, hence by using induction and dévissage, we have
H2f l(k,α) = 0 for any commutative infinitesimal unipotent k-group scheme α. Denote by F
the Frobenius morphism on G, G(p) the k-group scheme obtained from G via the base change
k → k, x → xp . For any natural number n, by considering Fn we obtain G(pn) and we denote
FnG := Ker(F n) :G → G(pn). Then it is well known (see Gabriel [SGA 3], Exp. VIA, or Ray-
naud, [SGA 3], Exp. XVII, Appendix), that there is a natural number n0 such that G/FnG is
smooth for all n n0. Let r be the smallest such a number. Then r  1 since G is non-smooth,
and we have the following composition series of characteristic subgroups of G
GG◦  FrG · · · FG (0).
Here G◦ denotes the connected component of G, and each factor Fs+1G/FsG, 1 s  r − 1 is
a radicial (infinitesimal) k-subgroup scheme of height 1 [SGA 3]. Therefore we have an exact
sequence
0 → α → G → G′ → 0, ()
where α is an infinitesimal group scheme, and G′ is smooth. If H is a commutative unipotent
k-group scheme, then there is an exact sequence of group schemes
1 → α → H → H1 → 1,
where α (respectively H1) is infinitesimal (respectively smooth) unipotent k-group scheme, and
the triviality of H2f l(k,H) follows from the same fact for α and for H1 (cf. [Oe], Chap. IV,
Sec. 2.1).
By Raynaud [SGA 3], Exp. XVII, Théorème 3.5, there is a composition series for G
G = G0 >G1 > · · · >Gr >Gr+1 > · · · >Gm = {0},
where each factor Gi/Gi+1 is a k-form of (Fp)r (respectively of αp) for 0 i  r − 1 (respec-
tively for r  i m− 1). The rest follows from the proof of part (a).
Now assume that G is not necessarily commutative and let C(G) denote the centre of G. We
use induction on the length s = s(G) of ascending central series of G, which is finite since G
is nilpotent. If s = 1, then G is commutative and we are back to the above case. Let s(G) =
m> 1 and assume that the assertion holds for all 1 s < m. We have s(G/C(G)) < s(G). Since
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hypothesis implies that H1f l(k,G/C(G)) (and hence also H1f l(k,G)) is infinite.
(c) Let G be non-connected unipotent group scheme over k, G◦ the connected component
of G. By making use of twisting method of [Gir], Chap. III, the same argument in [Oe], Chap. IV,
Sec. 2.2, shows that the canonical map of pointed set
H1f l(k,G) → H1f l(k,G/G◦)
is surjective, once the fact that H2f l(k,H) = 0 for all commutative unipotent k-group schemes
is established, which is proved in previous part. Since G = G◦, from part (a) it follows that
H1f l(k,G/G
◦) is infinite, hence so is H1f l(k,G). 
For unipotent groups of positive dimension we have the following main result of this section.
Theorem 4.8. Let k be a non-perfect field of characteristic p with a non-trivial discrete valu-
ation. Let G be a non-trivial (not necessarily smooth) unipotent k-group scheme of dimension
 1, the connected component G◦ of which is not k-isomorphic to an extension of Ga by an
infinitesimal k-group scheme. Assume in addition that if p = 2 then G◦ is neither k-isomorphic
to an extension of Ga , nor an extension of the subgroup defined as in Proposition 4.2(b), by an
infinitesimal group scheme. Then the flat cohomology H1f l(k,G) is infinite. In particular, for any
global field k of positive characteristic and for any non-trivial k-unipotent group scheme G of di-
mension  1 such that G◦ is not k-isomorphic to an extension of Ga by an infinitesimal k-group,
the cohomology set H1f l(k,G) is infinite.
Proof. If dim(G) = 0, then since G is non-trivial, H1f l(k,G) is infinite by Proposition 4.7. So
we assume that dim(G) = 1.
(I) First, we assume that G is commutative, smooth (i.e. absolutely reduced) and connected.
Since dim (G) = 1, from [Ru] we know that G is a k-form of Ga , and G is k-isomorphic to a
k-subgroup of Ga × Ga given by
{
(x, y)
∣∣ ypn = x + a1xp + · · · + amxpm},
where a1, . . . , am are elements of k not all in kp . We recall (see e.g. [Mi1], Chap. III) that if G
is smooth (reduced) then H1f l(k,G) 	 H1(k,G). Let Pn(x, y) = x + a1xp + · · ·+ amxp
m − ypn ,
am = 0, then by an analogous argument as in Proposition 4.2 we have H1(k,G) 	 k/Pn(k × k).
(a) We consider the case p > 2. Evidently, Pn(k × k) ⊂ P(k × k), where P := P1. Therefore,
we need only consider the case n = 1. Let v be a non-trivial discrete valuation with a prime
element π , kv the completion of k with respect to v. Then we know (cf. [TT]) that the localisation
map H1(k,G) → H1(kv,G) is surjective. Therefore, it suffices to consider the local case, i.e., to
show that H1(kv,G) is infinite. In the sequel we identify kv with the field k(v)π. If am ∈ kpv
then by changing the variables
y′ = y − αxpm−1 , x′ = x,
where am = αp , α ∈ kv , G is isomorphic to the group given by
{
(x′, y′)
∣∣ y′p = x′ + a1x′p + · · · + am−1x′pm−1}.
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m  1, since by assumption, G 	 Ga . Assume that v(am) ≡ 0 (mod p). We recall the follow-
ing result from [Ru], Prop. 2.3. Denote by F the Frobenius morphism, A = k[F ] the (non-
commutative) ring of polynomials in F subject to the relation Fa = apF , for all a ∈ k. Then
A 	 Endk(Ga,Ga), the ring of k-endomorphisms of Ga . Every k-form G of the k-group Ga is
then defined by the tuple (F n, τ ), where τ = a0 + a1F + · · · + amFm ∈ A, a0 = 0 (a separable
endomorphism), and it is k-isomorphic to the k-subgroup of Ga × Ga defined by the equation
yp
n = a0 + a1xp + · · · + amxpm.
By [Ru], Prop. 2.3, the two k-forms (F n, τ ), (F n1 , τ1), with n1  n, τ1 = c0 + c1F + · · · +
cm1F
m1 , are k-isomorphic if and only if there exist a separable endomorphism ρ = b0 + b1F +
· · · + brF r ∈ A, σ ∈ A, and c ∈ k∗ such that
( ∑
0jm1
c
pn−n1
j F
j
)
c =
(∑
i
b
pn
i F
i
)
τ + Fnσ.
Using this we may choose a k-form of Ga defined by the equation y′p = a′0 +a′1xp +· · ·+a′sxp
s
,
which is still k-isomorphic to G, such that v(a′s) ≡ 0 (mod p). Now, all conditions in Proposi-
tion 4.5 are satisfied. Namely, since p > 2, we have Pprinc = a′sx′p
s − y′p , r = 2 <p = pinf{1,s},
and v(a′s), v(−1) are distinct modulo p. Therefore, by Proposition 4.5, the group H1(kv,G) is
infinite.
(b) Now we consider the case when p = 2.
(b1) Assume first that G is not isomorphic to the subgroup of Ga ×Ga defined by the equation
{
(x, y)
∣∣ y2n = x + a1x2},
where n 2, a1 /∈ k2. By the same argument as in the case p > 2, it suffices to consider the local
case, i.e., over kv , n = 1, m 2, and by applying [Ru], Prop. 2.3, if necessary„ we may assume
that v(am) ≡ 1 (mod 2). But then v(y2) = 2v(y) is even and v(amx2m) = v(am) + 2mv(x) is
odd so they are always distinct whenever (x, y) ∈ k∗ × k∗. We choose an odd number l (mod 4)
such that v(am) ≡ l (mod 4). By Lemma 4.4, there exists a constant C0 such that if a = P(u,w),
v(a)  C0 then v(a) = v(w2) or v(a) = v(am) + 2mv(u). We claim that if a ∈ kv satisfies the
conditions v(a) ≡ l (mod 4) and v(a) C0 then a /∈ P(k× k). In fact, assume that a = P(u,w),
u,w ∈ k. Since v(a)  C0, v(a) = v(w2) or v(am) + 2mv(u). But either of these equalities
contradicts the fact that v(a) ≡ l (mod 4). We conclude as in the proof of Proposition 4.5 that
H1(k,G) is infinite.
(b2) We now assume that (p = 2 and) G is isomorphic to a subgroup of the above Russel’s
form, but not isomorphic to the k-groups given by equation y2 = x+a1x2, a1 /∈ k2. It is sufficient
thus to treat the case n = 2, m = 1, i.e., the equation of the form y4 = x + a1x2. By making use
of [Ru], Prop. 2.3, we may again assume that v(a1) ≡ 1 (mod. 2). Then v(a1) ≡ 1 (mod. 4) or
v(a1) ≡ 3 (mod. 4). So, v(w4) and v(a1)+2v(u) are always distinct whenever (u,w) ∈ k∗ × k∗.
We use an analogous argument as in previous case and we see that H1(k,G) is infinite.
(II) We now assume that G is connected and non-smooth. Let αpr be the k-group scheme
represented by Speck[T ]/(T pr ). If dim G = 0, then by Proposition 4.7(b), it has infinite flat
cohomology.
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0 → α → G → G′ → 0, ()
where α is an infinitesimal group scheme, and G′ is smooth. Then G′ is a k-form of Ga . From
the exact sequence (), we derive the exact sequence of flat cohomology
H1(k,α) → H1f l(k,G) f−→ H1f l(k,G′).
By the proof of Proposition 4.7(c) (an extension of proof of [Oe], Chap. IV, Sec. 2.2, 3), the
map f is surjective. By assumption, G′ 	 Ga , and, if p = 2, G′ is not k-isomorphic to the
group defined in Proposition 4.2(b). So by previous part, H1f l(k,G′) 	 H1(k,G′) is infinite, and
it follows that the same is true for H1f l(k,G).
(III) Next we assume that G is not connected (and not necessarily smooth) so G/G0 = {1}
and consider the following exact sequence
1 → G0 → G → G/G0 → 1,
where G0 denotes the connected component of G. Then we have dim(G) = dim(G0) = 1. The
same argument of the proof of Proposition 4.7(c), by using twisting in the flat cohomology as
in [Gir], Chap. III, shows that the natural map H1f l(k,G) → H1f l(k,G/G◦) is surjective. Hence
we have the following exact sequence of flat cohomology
H1f l(k,G
◦) → H1f l(k,G) β−→ H1f l(k,G/G◦) → 0.
Since G = G◦, H := G/G0 is a non-trivial finite étale unipotent k-group scheme, and by Propo-
sition 4.7, H1f l(k,H) is infinite, hence so is H
1
f l(k,G).
(IV) Now assume that k is a global function field of characteristic p. We refer to Proposi-
tion 4.2(b), Proposition 4.7, and the previous parts for the rest of the proof. 
Remark 4.9. We give an example to see why we need to exclude some cases of groups as in
the formulation of Theorem 4.8. In fact, let p  2, k = Fp(t), kv = Fp((t)). Let G be the affine
unipotent group scheme over k, defined by G = Ker(P ), where P = a1xp1 + · · · + ap−1xpp−1 +
yp ∈ k[x1, . . . , xp−1, y], P : Gpa → Ga . Here {1, a1, . . . , ap−1} is a basis of k over kp . Then G
is non-smooth, commutative unipotent group scheme of dimension p − 1. Since [k : kp] = p, it
has trivial flat cohomology in degree  1 over k, and also over any completion kv of k. Here G
is a non-trivial extension of (Ga)p−1 by a non-trivial infinitesimal unipotent group scheme.
Corollary 4.10. Let k be a non-perfect field of characteristic p > 0 with a non-trivial discrete
valuation. Then, for all r , there exists a k-form of Gra such that H1(k,G) is infinite.
Proof. Take a non-trivial discrete valuation of k. Then by using Proposition 4.5, we may choose
a k-form G of Gr with infinite H1(k,G). a
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(1) It is quite possible that for any k-split unipotent group G over a non-perfect field k with
a non-trivial discrete valuation, there is a k-form G′ of G which has infinite Galois coho-
mology.
(2) Examples of smooth, non-commutative wound unipotent k-groups with infinite Galois co-
homology will be given in Section 5.
Proposition 4.12. Let k be a non-perfect field of characteristic p > 0 with a non-trivial discrete
valuation.
(1) The Galois cohomology of degree one H1(k,G) is non-trivial for all connected smooth
unipotent non-split k-groups G (respectively infinite) if the same is true for all connected
smooth commutative unipotent k-wound groups of exponent p. In particular, over an arbi-
trary global function field k, the Galois cohomology sets of degree one of non-split smooth
unipotent k-groups of dimension  1 are always infinite.
(2) The study of the triviality (respectively finiteness) of H1f l(k,G) for unipotent k-group
schemes G can be reduced in a canonical way to that for connected smooth commutative
k-wound unipotent groups of exponent p.
Proof. (1) We assume that the assertion of the proposition holds for one-dimensional smooth
wound k-unipotent groups. Let G be any smooth unipotent non-split k-group of dimension n.
We use induction on n. If n = 1, there is nothing to prove, and we assume that n > 1 and the
assertion holds for all groups under consideration with dimension m < n. Denote by Gs the
k-split part of G, i.e., the maximal normal k-split subgroup of G. We consider two cases.
(a) Gs = 1. Then G/Gs is unipotent and k-wound as we know, and it has dimension strictly
less than n. We consider two subcases.
(a1) If Gs is commutative, we consider the exact sequence of k-groups
1 → Gs → G → G/Gs → 1,
and the cohomology sequence derived from this
0 → H1(k,G) π−→ H1(k,G/Gs) → H2(k,Gs) = 0,
thus π is surjective. By inductive assumption, H1(k,G/Gs) is non-trivial (respectively infinite),
so the same is true for H1(k,G).
(a2) Assume that Gs is not commutative. Denote by
Gs = G0 >G1 >G2 > · · · >Gl = {1}
the derived series of Gs , i.e., Gi+1 = [Gi,Gi], for all 0  i  l − 1, and Gl−1 is commutative
and non-trivial, hence it has positive dimension. It is well known and one can check that Gl−1 is
a normal subgroup of G and the assertion of the theorem follows from the exact sequence
1 → Gl−1 → G → G/Gl−1 → 1
by combining with the above arguments.
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ing to prove. Assume that G is not of this type. Then it is well known by Tits theory again
([Oe], Chap. V, Sec. 3, [Ti], Chap. IV, 4.1.3), that there exists a central connected commuta-
tive k-subgroup K of G of exponent p (namely the cckp-kernel of G) with dimK > 0 (since
dim(G) > 0), such that G/K is k-wound. The assertion now follows by using the exact sequence
1 → K → G → G/K → 1
and the induction hypothesis.
(2) We first use induction on the length of the ascending central series of G. To reduce the
length, we consider the centre C(G) of G, which is non-trivial, since G is nilpotent. The ex-
act sequence 1 → C(G) → G → G/C(G) → 1 will do the job. Therefore we are reduced to
the case G is commutative. The exact sequence 1 → G◦ → G → G/G◦ → 1, combined with
Proposition 4.7 reduces the situation further to the case G is connected. Again by using Propo-
sition 4.7, we are reduced to the case G is smooth and connected. Now the rest follows from the
last part of the proof of (1). 
5. Some local–global principle, applications and examples
For an abelian group A and a natural number n we denote by A/n (respectively nA) the
cokernel (respectively kernel) of the natural endomorphism A ×n−−→ A, x → nx. We derive from
results of Section 3 and its proof and from [Oe], Chap. VI, the following
Proposition 5.1. Let k be a field of characteristic p > 0.
(a) If T is a k-torus, K a finite radicial (i.e. purely inseparable) extension of k of degree pn,
and G = RK/k(TK), then the k-group U := G/T has trivial (respectively finite) 1-Galois
cohomology if and only if both groups H1(k, T )/pn and pnH2(k, T ) are trivial (respectively
finite).
(b) For any k-torus T and finite set S of non-equivalent discrete valuations of k, the localisation
map
pnH2(k, T ) →
∐
v /∈S
pnH2(kv, T )
is surjective.
(c) Assume further that k is a global field. If a unipotent k-group U is unirational over k, then
for U and for any finite set S of (non-equivalent) valuations, the obstruction to weak ap-
proximation in S is finite, i.e., the quotient A(S,U) =∏v∈S U(kv)/Cl(U(k)) is finite, where
the closure Cl(U(k)) is taken in the product topology. In particular, for T , G and U as in (a),
A(S,U) is a finite abelian group.
Proof. (a) According to [Oe], Appendix 3, U is a smooth unipotent group, and by [Oe],
Chap. VI, Sec. 5.2, we have the following exact sequence
H1(k, T ) p
n−→ H1(k, T ) → H1(k,U) → H2(k, T ) pn−→ H2(k, T ),
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0 → H1(k, T )/pn → H1(k,U) → pnH2(k, T ) → 0.
Hence H1(k,U) is trivial (respectively finite) if and only if both groups H1(k, T )/pn and
pnH2(k, T ) are trivial (respectively finite).
(b) follows from the exact sequence above and Proposition 3.7.2.
(c) We prove the first assertion. Namely if U is a k-unirational unipotent k-group, i.e., for
which there is a separable dominant k-morphism f :V → U , where V is an open set in some
affine space An then for any finite set S of (non-equivalent) valuations of k, the obstruction to
weak approximation in S for U is finite. Indeed, by Implicit Function Theorem (see [Se2], Part 2),
being separable, f defines open maps fv :V (kv) → U(kv) for all valuations v of k. Since V (k)
is dense in
∏
v∈S V (kv), it follows that Cl(f (V (k))) is open in
∏
v∈S U(kv) and so is Cl(U(k)).
Therefore A(S,U) is discrete in its natural quotient topology. If U is k-wound then U(kv) is
compact by [Oe], Chap. VI, Prop. 2.1. Therefore A(S,U) is finite as required. In general case,
we have the following exact sequence
1 → Us → U → Q → 1,
where Us is the maximal k-split normal connected subgroup of U , Q = U/Us is k-wound unipo-
tent group (see [Ti], Chap. IV, Th. 4.2, [Oe], Chap. V, Sec. 5). We apply Lemma 3.7.1 to the
following commutative diagram
Us(k)
α
U(k)
β
Q(k)
γ ′
1
Us(S) U(S) Q(S) 1
where X(S) :=∏v∈S X(kv), and X stands for U , Us , Q, and Us(k) is dense in Us(S) due to
weak approximation in the k-split group Us . We have a homeomorphism
A(S,U) = U(S)/Cl(U(k))
	 Q(S)/Cl(Q(k))
= A(S,Q).
Since Q is k-wound ([Ti], Chap. IV, 4.2, [Oe], Chap. V, Sec. 5), then for any valuation v, Q(kv)
is compact ([Oe], Chap. V, Sec. 5), thus A(S,Q) is also compact. Since A(S,U) is discrete (see
above), it follows that all they are finite as required.
The group U = G/T clearly satisfies our assumptions regarding the unirationality by [Oe],
Chap. VI, hence (c) holds. 
5.2. We now consider some applications to local–global principle for universality of polynomials
over global fields. We say that a polynomial F(T ) := F(T1, . . . , Tn) ∈ k[T1, . . . , Tn] is universal
over k if it represents any element from k, i.e., the equation F(T ) = a has solution in k × · · ·× k
(n-times) for any a ∈ k. As an easy consequence of the Hasse–Minkowski theorem (local–global
principle) for quadratic forms we have the following (perhaps well known)
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characteristic p = 2. Then f is universal over k if and only if f is so over all completions kv
of k.
Proof. Assume that f is universal over k. It is known that k∗2v is open in kv . For any bv ∈ k∗v we
pick b ∈ k∗ such that b is sufficiently close to bv in the v-adic topology, and so that bv = bc2v ,
where cv ∈ k∗v . Since f (k × · · · × k) = k by assumption, there is a ∈ k × · · · × k such that
f (a) = b, hence f (cva) = bc2v = bv , i.e., f is also universal over kv .
Conversely, assume that f is universal over kv for all v. Take any b ∈ k∗ and consider the
quadratic form f ′ := f − bX2, where X is a new variable. Since f is universal over kv for all v,
one sees that f represents b over kv for all v, i.e., the quadratic form f ′ is isotropic over kv ,
for all v. Now Hasse–Minkowski theorem for quadratic forms over global fields (see e.g. [Sc],
Chap. IV) tells us that f ′ is also isotropic over k. Denote by (x1, . . . , xn, x) ∈ k × · · ·× k (n+ 1-
times) be a non-trivial zero of f ′. If x = 0, then (x1, . . . , xn) is a non-trivial zero of f , so f is
isotropic over k. Hence f is universal over k and f represents b over k. Otherwise, x = 0 and
we may divide by x2 to see that again f represents b over k. 
5.3. A polynomial F(T ) in n variables T = (T1, . . . , Tn) with coefficients in a field k is called
additive, if F(X+Y) = F(X)+F(Y ) for any X,Y ∈ k×· · ·×k (n-times). Clearly, any algebraic
group morphism from vector groups to the additive group Ga is an additive polynomial. It is
well known (see e.g. [Go,W1,W2]) that additive polynomials play important role in the study of
arithmetic of the global function fields. In particular, its universality plays also some role in the
model-theoretic approach to the arithmetic of function fields (cf. e.g. [Ku]).
Theorem. Let F be a separable additive polynomial in n variables with coefficients in a global
field k.
(a) Then F is universal over k if and only if F is universal over kv for all valuations v of k and
F(k × · · · × k) is A(S)-closed in k for all finite sets S of non-equivalent valuations of k.
(b) (Local–global principle) Assume that n = 2. Then F is universal over K if and only if it is
so over all kv .
Proof. (a) By assumption, F can be regarded as a separable morphism of algebraic groups
F : Gna → Ga . The kernel of F is then a commutative smooth unipotent k-subgroup GF of Gna ,
and we have the following exact sequence of k-groups
1 → GF → Gna F−→ Ga → 1.
We know that F is a p-polynomial, where p is the characteristic of the field k. Thus if p = 0,
there is nothing to prove. Let p > 0. The exact sequence of Galois cohomology related to the
exact sequence above gives us the first Galois cohomology of GF as follows: For any extension
field K/k we have
H1(K,GF ) 	 K/F(K × · · · ×K).
Thus our additive polynomial F is universal over a field K if and only if H1(K,GF ) = 1. There-
fore, from Theorem 3.7 it follows that over a global field k, an additive separable polynomial
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closedness of the orbits is satisfied.
(b) With notation as in the proof of (a), GF is a connected and smooth unipotent k-group of
dimension 1, which is necessarily commutative. If H1(k,GF ) = 1, then from the surjectivity of
the localisation map it follows that H1(kv,G) = 1 for all v.
Conversely, assume that H1(kv,GF ) = 1 for all v. Assume first that p = 2. Then it follows
from the exact sequence
1 → III(GF ) → H1(k,GF ) →
∏
v
H1(kv,GF ) → 1
and the finiteness of III(GF ) ([Oe], Chap. IV) that H1(k,GF ) is also finite. Now from Theo-
rem 4.8 (or Proposition 4.12) it follows H1(k,GF ) is either trivial or infinite, hence H1(k,GF ) =
1 as required. Therefore F is universal over k if and only if it is so over all kv .
Let p = 2. If GF were not isomorphic to Ga then from Proposition 4.2, Theorem 4.8 or
Proposition 4.12 it would follow that H1(k,GF ) is infinite, so GF 	 Ga , and the proposition
follows. 
Remarks 5.4.
(1) One cannot replace the statement regarding the universality (i.e., the representation of all
elements of k by F ) of the additive polynomial F considered by the statement regarding the
representation of an element of k by F . Namely, using [Oe], Chap. V, one can construct a p-
polynomial F and an element a ∈ k such that the equation F(T1, . . . , Tn) = a has solutions
in kv × · · · × kv locally everywhere, but has no solutions in k × · · · × k, i.e., the local–global
principle (strong Hasse principle) fails in this case.
(2) The structure of p-polynomials reflects deep arithmetic properties of the base field (see
e.g. [Ku,TT2,W1,W2,W3]). As an easy consequence of the above we have
Corollary 5.5. Let k be a non-perfect field of characteristic p > 0 with a non-trivial discrete
valuation. Then, for any n, k has cyclic extensions of degree pn.
Proof. By Proposition 4.7, for any k-form G of Fp , the Galois cohomology H1(k,G) is infinite.
In particular, there exists α ∈ k \ ℘(k), where ℘(x) = xp − x is the Artin–Schreier polynomial.
Then by a well known theorem of Witt [Wi], Satz 13, for any n there exist cyclic extensions of k
of degree pn. 
Example 5.6. In [Ro2], Rosenlicht gave an example of a wound non-commutative unipotent
group G over a non-perfect field of characteristic 3. We are interested in computing its Galois
cohomology in degree 1 and show that there are many cases where the cohomology is infinite.
First we treat one case of two-dimensional unipotent group in characteristic 3. Namely, we give
another example of a wound unipotent group defined over Fp(t), which, when passing to Fq((t)),
q = pn, has trivial Galois cohomology group, for any n (compare with Proposition 4.3(c)).
(a) Let kv = Fq((t)), where q = 3n, and let G be the Fp(t)-subgroup of G3a defined as follows
G = {(x1, x2, x3) ∣∣ x31 + tx32 + t−1x33 + x3 = 0}.
Then H1(kv,G) = 0.
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Hence, to prove the triviality of H1(kv,G), we need only prove the following:
(1) Fqt ⊂ P(Fqt × Fqt × Fqt), i.e. ∑i0 ci t i ∈ P(Fqt × Fqt × Fqt), for all
ci ∈ Fq ,
(2) ct−i ∈ P(kv × kv × kv), for all c ∈ Fq, i  1.
The proof is similar to that of Proposition 4.2 (and 4.3), so we omit it. 
(b) Wound non-commutative unipotent groups with infinite Galois cohomology.
Let k be a non-perfect field of characteristic p > 2. Let a be an element of k such that 1, a,
a2 are linearly independent over kp . Let consider the groups constructed by Rosenlicht in [Ro2]
as follows
Γ = {(c1, c2) ∈ G2a ∣∣ cp1 + acp2 + ac1 = 0},
G1 =
{
(x, y) ∈ G2a
∣∣ yp − y = axp},
G2 =
{
(x1, x2, x3) ∈ G3a
∣∣ xp1 + axp2 + a−1xp3 + x3 = 0}.
For γ = (c1, c2) ∈ Γ , let
ϕγ (x, y) = ϕ(c1,c2)(x, y) = (c1x − c2y, c2x,−c1y).
This yields a homomorphism ϕ :Γ → Hom(G1,G2), γ → ϕγ . On G := Γ ×G1 ×G2, we define
the multiplication as follows
(γ, g1, g2)
(
γ ′, g′1, g′2
)= (γ + γ ′, g1 + g′1, g2 + g′2 + ϕγ (g′1)).
Then G is a wound non-commutative unipotent group. One can show that when k = Fq((t)),
q = 3n, a = t , then H1(k,G) is infinite.
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